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ALGEBRAIC QUANTUM KK-THEORY
EUGENIA ELLIS
Abstract. Let G be an algebraic quantum group. We introduce an equi-
variant algebraic kk-theory for G-module algebras. We study an adjointness
theorem related with smash product and trivial action. We also discuss a
duality property.
1. Introduction
Algebraic kk-theory is a bivariant K-theory on the category of ℓ-algebras where
ℓ is a commutative ring with unit, [2]. For each pair (A,B) of ℓ-algebras a group
kk(A,B) is defined. A category KK is obtained whose objects are ℓ-algebras and
where the morphisms from A to B are the elements of the group kk(A,B). The
category KK is triangulated and there is a canonical functor j : Algℓ → KK with
universal properties. These properties are algebraic homotopy invariance, matrix
invariance and excision. The main result from [2] says that if A is an ℓ-algebra then
kk(ℓ, A) ≃ KH(A)
here KH is Weibel’s homotopy K-theory defined in [17].
In [4] an equivariant algebraic kk-theory is introduced. This is a bivariant K-
theory on the category of G-algebras (i.e. ℓ-algebras with an action of G) where
G is a countable group. For each pair (A,B) of G-algebras a group kkG(A,B) is
defined. A category KKG is obtained whose objects are G-algebras and where the
morphisms fromA to B are the elements of the group kkG(A,B). The category KKG
is triangulated and there is a canonical functor j : G-Alg → KKG with universal
properties. These properties are algebraic homotopy invariance, equivariant matrix
invariance and excision.
Let ℓ = C and G be an algebraic quantum group in the sense of Van Daele ([13],
[14], [3]). An algebraic quantum group (G,∆, ϕ) is a regular multiplier Hopf alge-
bra with invariants. That means, G is an associative algebra with non-degenerate
product, ∆ : G →M(G ⊗ G) is a coproduct (here M(G ⊗ G) denotes the multiplier
algebra of G ⊗ G) such that there exists an invertible antipode S : G → G and ϕ
is a left invariant functional. We define a bivariant K-theory on the category of
G-module algebras. For each pair (A,B) of G-module algebras we define a group
kkG(A,B) and consider the category KKG whose objects are the G-module algebras
and the morphisms from A to B are the elements of kkG(A,B). Consider the func-
tor jG : G-Alg → KKG which at the level of objects is the identity and at the level
of morphisms sends f : A → B to its class [f ] in kkG(A,B). The category KKG is
triangulated and jG is an excisive, homotopy invariant and weak G-stable functor.
Moreover, it is the universal functor for these properties.
The author was partially supported by ANII, CSIC and PEDECIBA.
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The Green-Julg Theorem in Kasparov KK-theory (see [10]) states that if G is a
compact group and B is a G-C∗-algebra, then there exists an isomorphism
µ : KKG(C, B)→ KK(C, B ⋊G).
In the context of E-theory there is another version of Green-Julg Theorem (see [8])
which states that if G is a compact group then there is an isomorphism
µ : EG(C, B)→ E(C, B ⋊G).
Green-Julg Theorem in periodic cyclic homology is also studied in [1], [16] and
[15]. In algebraic kk-theory there is a version of this theorem, see [4]. Let G be a
finite group such that 1|G| ∈ ℓ, B an ℓ-algebra and A a G-algebra then there is an
isomorphism
ψ : kkG(Bτ , A)→ kk(B,A⋊G)
here Bτ denotes B with the trivial action of G. In particular, if B = ℓ then
kkG(ℓ, A) ≃ kk(ℓ, A⋊G) ≃ KH(A⋊G).
The main theorem of this paper is a version of Green-Julg Theorem for KKH when
H is a semisimple Hopf algebra. Let A be an algebra and B an H-module algebra
then there exists an isomorphism
ψ : kkH(Aτ , B)→ kk(A,B#H)
where B#H denotes the smash product. In particular, if we take A = C we obtain
that kkH(C, B) ≃ KH(H#B).
The paper is organized as follows. In Section 2 we recall the definition of an
algebraic quantum group G and some of its properties. In Section 3 we define
algebraic kk-theory for G-module algebras. Let A be a G-module algebra. In Section
4 we present the stabilization property with respect to a triple (V,W,ϕ) where V
and W are left G-modules and ϕ : V ⊗W → A is a G-equivariant bilinear form. We
introduce a strong G-stabilization which imply equivariant Morita equivalence. Also
we state a weak G-stabilization which generalize the definition of G-stabilization
with G a group. In Section 5 we define the algebraic quantum kk-theory and its
properties. In Section 6 we prove Green-Julg Theorem when G = H a semisimple
Hopf algebra. In Section 7 we state a Baaj-Skandalis duality in this context.
We would like to thank to the referee for his/her comments about the first
manuscript of this paper.
2. Algebraic quantum groups
In this section we recall the definition of algebraic quantum groups introduced in
[14]. Let G be an associative algebra over C with a non-degenerate product. This
means that, if hk = 0 for all h ∈ G then k = 0 and if hk = 0 for all k ∈ G then
h = 0. A multiplier of G is a pair (ρ1, ρ2) such that ρi : G → G is a linear map
(i = 1, 2) and
ρ1(hk) = ρ1(h)k ρ2(hk) = hρ2(k) ρ2(h)k = hρ1(k) ∀h, k ∈ G
We consider the associative natural product in the set of multipliers of G,
(ρ1, ρ2)(ρ˜1, ρ˜2) = (ρ1ρ˜1, ρ˜2ρ2).
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Denote by M(G) to the multiplier algebra of G. There is a natural embedding
ιG : G →M(G),
h 7→ (Lh, Rh) Lh(k) = hk Rh(k) = kh
which is a homomorphism. Moreover ρh ∈ G and hρ ∈ G for all h ∈ G and
ρ ∈M(G),
ρh = (Lρ1(h), Rρ1(h)) hρ = (Lρ2(h), Rρ2(h))
We write ρh = ρ1(h) and hρ = ρ2(h). A comultiplication on G is a homomorphism
∆ : G →M(G ⊗ G) such that
∆(h)(1 ⊗ k) ∈ G ⊗ G (h⊗ 1)∆(k) ∈ G ⊗ G ∀h, k ∈ G
and the coassociativity property is satisfied
(h⊗1⊗1)(∆⊗ idG)(∆(k)(1⊗r)) = (idG ⊗∆)((h⊗1)∆(k))(1⊗1⊗r) ∀h, k, r ∈ G
A pair (G,∆) is a multiplier Hopf algebra if G is an algebra over C with a non-
degenerate product, ∆ : G →M(G⊗G) is a comultiplication on G and the following
maps are bijective
Ti : G ⊗ G → G ⊗ G T1(h⊗ k) = ∆(h)(1 ⊗ k) T2(h⊗ k) = (h⊗ 1)∆(k)
If (G,∆) is a multiplier Hopf algebra there is a unique homomorphism ǫ : G → C,
called counit , such that
(ǫ ⊗ idG)(∆(h)(1 ⊗ k)) = hk (idG ⊗ǫ)((h⊗ 1)∆(k)) = hk ∀h, k ∈ G.
There is also a unique anti-homomorphism S : G → M(G), called antipode, such
that
m(S⊗idG)(∆(h)(1⊗k)) = ǫ(h)k m(idG ⊗S)((h⊗1)∆(k)) = ǫ(k)h ∀h, k ∈ G
here m is the multiplication map. If S(G) ⊂ G and S is invertible, (G,∆) is called
regular. In this case we obtain that
(1⊗ k)∆(h) ∈ G ⊗ G ∆(k)(h⊗ 1) ∈ G ⊗ G ∀h, k ∈ G
A right invariant functional on G is a non-zero linear map ψ : G → C such that
(ψ ⊗ idG)∆(h) = ψ(h)1
Here (ψ ⊗ idG)∆(h) denotes the element ρ ∈M(G) such that
ρk = (ψ ⊗ idG)(∆(h)(1 ⊗ k)) kρ = (ψ ⊗ idG)((1 ⊗ k)∆(h))
Similarly, a left invariant functional on G is a non-zero linear map ϕ : G → C such
that
(idG ⊗ϕ)∆(h) = ϕ(h)1
Invariant functionals do not always exist. If ϕ is a left invariant functional on G
then it is unique up to scalar multiplication and ψ = ϕ ◦ S is a right invariant
functional. Following [3], an algebraic quantum group (G,∆) is a regular multiplier
Hopf algebra with invariant funtionals on G.
We will use the fact that algebraic quantum groups have local units, see [3,
Proposition 2.6]. That means given elements {h1, . . . hn} in G, there exists an
element e ∈ G such that hie = ehi = hi for all i = 1, . . . n.
4 EUGENIA ELLIS
Let (G,∆) be an algebraic quantum group. There exists an algebraic quantum
group (Gˆ, ∆ˆ) which is called the dual of (G,∆). The elements of Gˆ are the linear
functionals of the form ϕ(h·)
Gˆ = {ξh : G → C : ξh(x) = ϕ(hx)}
The elements of Gˆ can also be written as ϕ(·h), ψ(h·), ψ(·h). Write
Gˆ = {ηh : G → C : ηh(x) = ψ(xh)}
= {ηˆh : G → C : ηˆh(x) = ψ(hx)}
= {ξˆh : G → C : ξˆh(x) = ϕ(xh)}
The product on Gˆ is defined as follows
(ξh · ξk)(x) = (ϕ⊗ ϕ)(∆(x)(h ⊗ k))
The coproduct ∆ˆ : Gˆ →M(Gˆ ⊗ Gˆ) is defined by defining the elements ∆ˆ(ξ1)(1⊗ ξ2)
and (ξ1 ⊗ 1)∆ˆ(ξ2) in Gˆ ⊗ Gˆ as follows
((ξ1 ⊗ 1)∆ˆ(ξ2))(h ⊗ k) = (ξ1 ⊗ ξ2)(∆(h)(1 ⊗ k))
(∆ˆ(ξ1)(1 ⊗ ξ2))(h⊗ k) = (ξ1 ⊗ ξ2)((h⊗ 1)(∆(k))
The dual of (Gˆ, ∆ˆ) is isomorphic to (G,∆), see [14, Theorem 4.12].
Let G be a group then both G = CG and its dual are algebraic quantum groups,
see Example 2.2 and Example 2.3. Another example of algebraic quantum groups
are the finite-dimensional Hopf algebras as such algebras have invariants, see [14,
Prop 5.1].
Let (G,∆) be a regular multiplier algebra. A left G-module M is a vector space
over C with a linear map G⊗M →M , h⊗m 7→ h ·m such that (hk) ·m = h · (k ·m)
for all h, k ∈ G and m ∈ M . We say M is unital if G ·M = M . This condition
coincides with the condition 1 ·m = m when G has an identity.
Let A be an algebra over C with or without identity but with non-degenerate
product. Assume that A is a firm algebra, i.e. the map
A⊗A A→ A r ⊗ s 7→ rs
is an isomorphism. We say thay A is a left G-module algebra if A is a unital left
G-module such that
(2.1) h · (ab) = m(∆(h)(a⊗ b)) ∀a, b ∈ A, h ∈ G
It is possible to use a generalized Sweedler notation in the following way. The
element ∆(h) is not in G ⊗ G but ∆(h)(1 ⊗ k) lies in G ⊗ G for all k ∈ G. If we fix
a finite set of elements in G, {k1, . . . kn}, there exists an element e ∈ G such that
eki = ki = kie for all i = 1, . . . , n. If we denote
∑
h(1) ⊗ h(2) for ∆(h)(1 ⊗ e) we
can write∑
h(1) ⊗ h(2)ki = ∆(h)(1⊗ ki)
∑
h(1) ⊗ kih(2) = (1⊗ ki)∆(h)∑
kih(1) ⊗ h(2) = (ki ⊗ 1)∆(h)
∑
h(1)ki ⊗ h(2) = ∆(h)(ki ⊗ 1)
Using this notation we rewrite (2.1) as
h · (ab) =
∑
(h(1) · a)(h(2) · b)
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Because A is unital there is e ∈ G such that (a⊗ b) = (a⊗ e · b).
Example 2.2. Let G be a group and denote e = 1G. Take G = CG with the
usual Hopf algebra structure. The maps involved are the C-linear extension of the
following maps
G = CG = {
∑
g∈G
agg : ag ∈ C ag 6= 0 for a finite amount of g}
∆ : G→ G⊗G ∆(g) = g ⊗ g
T1 : G⊗G→ G⊗G T1(h⊗ k) = h⊗ hk
T2 : G⊗G→ G⊗G T2(h⊗ k) = hk ⊗ k
ǫ : G→ C ǫ(g) = 1
S : G→ G S(g) = g−1
ϕ = ψ = χe : G→ C χe(h) =
{
1 e = h
0 e 6= h
Gˆ = {χh−1 : G→ C : χh−1(g) =
{
1 h−1 = g
0 h−1 6= g
}
Gˆ = CGˆ = {
∑
g∈G
agχg : ag ∈ C ag 6= 0 for a finite amount of g}
Example 2.3. In the previous example we see the usual Hopf algebra structure of
CG. The dual of it can be not a Hopf algebra, for example when G is not finite.
Nevertheless it is an algebraic quantum group with the following structure
G = CGˆ = {
∑
g∈G
agχg : ag ∈ C ag 6= 0 for a finite amount of g}
χgχh =
{
χg g = h
0 g 6= h
∆ : G →M(G ⊗ G) ∆(χg) =
∑
t∈G
χgt−1 ⊗ χt
This sum is not necessarily finite but
∆(χh)(1 ⊗ χk) = χhk−1 ⊗ χk ∈ G ⊗ G (χh ⊗ 1)∆(χk) = χh ⊗ χh−1k ∈ G ⊗ G
The counit and the antipode are
ǫ : G → C ǫ(χg) =
{
1 g = e
0 g 6= e
S : G → G S(χg) = χg−1
The integral is
ϕ = ψ : G → C ϕ(χh) = ψ(χh) = 1
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3. Algebraic kk-theory
Let G be an algebraic quantum group. We define an algebraic kk-theory for the
category of G-module algebras. We write C to refer to this category. We adapt
some results from [2] and [4, Section 2] to our setting.
Let U(C) be the category of G-modules, i.e. we forget the multiplication in C
keeping the G-module structure. Let F : C → U(C) be the forgetful functor. Let M
be an object in U(C). Take
T˜ (M) =
⊕
n≥1
M⊗
n
M⊗
n
=M ⊗ . . .⊗M︸ ︷︷ ︸
n-times
with the usual structure of algebra. Consider in M⊗
n
the following action,
h · (m1 ⊗m2 ⊗ . . .⊗mn) =
∑
h(1) ·m
1 ⊗ h(2) ·m
2 ⊗ . . .⊗ h(n) ·m
n
which gives to T˜ (M) an G-module algebra structure. Both constructions are func-
torial hence we consider the functor T˜ : U(C)→ C. Put
T := T˜ ◦ F : C → C.
The functor T˜ is the left adjoint of F and the counit of the adjuntion is
ηA : T (A)→ A ηA(a1 ⊗ . . .⊗ an) = a1 . . . an
and it is surjective (see [9, IV.3 Thm 1]). Put J(A) = ker ηA and note this con-
struction is functorial. The universal extension of A is
J(A)
ıA−→ T (A)
ηA
−−→ A.
Let A
f
−→ B
g
−→ C be a weakly split extension, (i.e. F (g) has a section in U(C)).
There is a map ξ : J(C)→ A called classifying map of A
f
−→ B
g
−→ C. This map is
defined as follows. Let s be a section of F (g) and consider the map ξˆ : T (C)→ B,
ξˆ = ηB ◦ T˜ (s). The map ξ : J(C) → A is the restriction of ξˆ to J(C). This
construction of ξ depends on which s is chosen but ξ is unique up to elementary
homotopy.
Let L be a ring and A an object in C. Then the extension
(3.1) J(A)⊗Z L→ T (A)⊗Z L→ A⊗Z L
is weakly split, and there is a choice for the classifying map
φA,L : J(A⊗Z L)→ J(A)⊗Z L
of (3.1), which is natural in both variables.
Let A and B be objects in C and M∞ the ind-ring defined in [2, Sec 4.1]. Let
S1 be the simplicial circle ∆1/∂∆1 and sd• S1 the pro-simplicial set of subdivision
of S1. Recall that A(sd
n S1,⋆) is the algebra of polynomial functions on the pointed
simplicial set (sdn S1, ⋆). By [2, Lemma 3.1.3] we obtain that A ⊗ Z(sd
n S1,⋆) ≃
A(sd
n S1,⋆) as algebras. If A is an G-module algebra we can consider A(sd
n S1,⋆)
as an G-module algebra taking the diagonal structure with the trivial structure in
Z(sd
n S1,⋆). Define inductively
AS
1
:= A(sd
• S1,⋆) BS
n+1
:= (BS
n
)S
1
.
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The map ρA : J(A) → A
S1 denotes the composition of the classifying map of the
loop extension
(3.2) ΩA→ PA
ev1−−→ A ΩA = Z(S
1,⋆) ⊗A PA = Z(∆
1,⋆) ⊗A
with the last vertex map ΩA
h
−→ AS
1
. Consider the algebraic homotopy classes in
C of the maps from JnA to M∞B
Sn . Denote it by
En(A,B)C := [J
n(A),M∞B
Sn ]C .
Consider the following morphism ın : En(A,B)C → En+1(A,B)C such that
Jn(A)
f
−→M∞B
Sn
↓
Jn+1(A)
J(f)
−−−→ J(M∞B
Sn)
φ
M∞,B
Sn
−−−−−−−→M∞J(B
Sn)
ρ
BS
n
−−−→M∞B
Sn+1
Define
kkC(A,B) = colimn∈NEn(A,B)C .
Let KKC be the category whose objects are the same objects of C and the mor-
phisms from A to B are the elements of kkC(A,B). The composition rule is given
by the product defined in [2, Section 6.2]. Denote by
jC : C → KKC
the functor which at the level of objects is the identity and at level of morphisms
sends f : A → B to [f ] ∈ kkC(A,B). Consider the functor Ω : KKC → KKC which
sends an object A of C to the path object ΩA. A diagram
ΩC → A→ B → C
of morphisms in KKC is called a distinguished triangle if it is isomorphic in KKC to
the path sequence associated with a homomorphism f : A′ → B′ in C
(3.3) ΩB′
j(ι)
−−→ Pf
j(πf )
−−−→ A′
j(f)
−−→ B′
Recall that (3.3) is obtained from the loop extension of B′ by pulling it back to A′
Pf := PB
′ ×B A
′ ΩB′
ι //

PB′ ×B′ A
′
πf //

A′
f

E′
ΩB′
ι
// PB′ //ev1
// B′ E
The category KKC is triangulated with the structure defined above, see [2, Theorem
6.5.2].
Let E : A
f
−→ B
g
−→ C be a weakly split extension and let cE ∈ kkC(J(C), A) its
classifying map. As the natural map ρA : J(A) → ΩA induces a kkC-equivalence
(see Lemma 6.3.10, [2]) we can consider ∂E := cE ◦ ρ
−1
C in kkC(ΩC,A).
Theorem 3.4. The functor jC : C → KKC with the morphisms {∂E : E ∈ E} is
an excisive homology theory (in the sense of [2, Section 6.6]), homotopy invariant
and M∞-stable (in the sense of [4, Section 2.1, 2.2]). Moreover, it is universal with
these properties. In other words, if T is a triangulated category and G : C → T
together with a class of morphisms {∂E : E ∈ E} is an excisive, homotopy invariant
8 EUGENIA ELLIS
and M∞-stable functor, then there exists a unique triangle functor G : KKC → T
such that the following diagram commutes
C
jC //
G !!❇
❇❇
❇❇
❇❇
❇ KKC
G
✤
✤
✤
T
Proof. See [4, Thm 2.6.5] and [2, Thm 6.6.6].
Let X be a infinity set. Consider
MX = {f : X × X → C : supp(f) <∞}
Consider the category KKX with the same objects of KKC and
KKX (A,B) := KKC(A,MXB)
We take the following result
Theorem 3.5. [11, Theorem 5.2.16][6, Theorem 9.3(2)] The functor jC : C →
KKX with the morphisms {∂E : E ∈ E} is an excisive homology theory, homotopy
invariant and MX -stable (in the sense of [11, 5.2.10]). It is universal for these
properties.
4. Stability
4.1. Triples. Let V ,W be vector spaces overC with a bilinear form φ : V⊗W → C.
Define an algebra W ⊗
φ
V :
W ⊗
φ
V =W⊗V (w ⊗ v)(w˜ ⊗ v˜) = w ⊗ φ(v ⊗ w˜)v˜.
Let (G,∆) be an algebraic quantum group and A be a G-module algebra. We say
that (V,W, φ) is a (G, A)-triple if
• V is an unital left G-module and a left A-module such that
g · (a · v) =
∑
(g(1) · a) · (g(2) · v) ∀g ∈ G a ∈ A v ∈ V
• W is an unital left G-module and a right A-module such that
g · (w · a) =
∑
(g(1) · w) · (g(2) · a) ∀g ∈ G a ∈ A w ∈W
• φ : V ⊗W → A is a G-equivariant A-bimodule.
Let (V,W, φ) be a (G, A)-triple. We obtain that W ⊗A V is an associative algebra
with the following product
(w1 ⊗ v1)(w2 ⊗ v2) = w1 ⊗ φ(v1 ⊗ w2) · v2 = w1 · φ(v1 ⊗ w2)⊗ v2
We denote it as W ⊗
φ
V . We consider the following action on W ⊗
φ
V
g · (w ⊗ v) =
∑
g(1) · w ⊗ g(2) · v
We check that W ⊗
φ
V is a G-module algebra with this structure:
g · ((w1 ⊗ v1)(w2 ⊗ v2)) = g · (w1 ⊗ φ(v1 ⊗ w2) · v2)
=
∑
g(1) · w1 ⊗ g(2) · (φ(v1 ⊗ w2) · v2)
=
∑
g(1) · w1 ⊗ φ(g(2) · v1 ⊗ g(3) · w2) · (g(4) · v2)
=
∑
g(1) · (w1 ⊗ v1)g(2) · (w2 ⊗ v2)
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If A = C we say that (V,W, φ) is a G-triple.
Example 4.1. Recall that
G∗ = {η : G → C : η is C-linear} Gˆ = {ξh : G → C : ξh(x) = ϕ(hx)}
Consider the regular action on G, ev : G∗⊗G → C and ev : Gˆ⊗G → C the evaluation
maps and the following action of G on G∗ and Gˆ
(g · η)(h) = η(S(g)h) g · ξk = ξkS(g)
Consider the following two particular G-triples: (G∗,G, ev) and (Gˆ,G, ev). Define
G♦G∗ and G♦Gˆ as the following G-module algebras
G♦G∗ = G ⊗
ev
G∗ G♦Gˆ = G ⊗
ev
Gˆ
It is easy to see that G♦Gˆ is a G-module subalgebra of G♦G∗.
Example 4.2. Let A be a G-module algebra. We can consider the triple (A,A,mA)
with the left and right regular action on A and mA : A⊗A→ A the multiplication
on A.
Given a (G, A)-triple (V,W, φ), we construct (VG ,WG , φG) a (G, A)-triple associ-
ated to (V,W, φ) by the following way
VG = V ⊗ Gˆ WG = G ⊗W φG : VG ⊗WG
ev
−→ V ⊗W
φ
−→ A
The left G-module structures on VG and WG are given by the diagonal action:
g · (v ⊗ ξk) =
∑
g(1) · v ⊗ ξkS(g(2)) g · (h⊗ w) =
∑
g(1)h⊗ g(2) · w.
Proposition 4.3. Let (V,W, φ) be a (G, A)-triple then
WG ⊗
φG
VG ≃ G♦Gˆ ⊗W ⊗
φ
V
as algebras.
4.2. The algebra A(M). Let M be a G-module. Let consider (VM ,WM , φM ) the
following G-triple associated to M
VM =M
∗ = {η :M → C : η is C-linear } WM =M φM = ev :M
∗⊗M → C
The G-module structure on M∗ is
(g · η)(m) = η(S(g) ·m)
We define the G-module algebra A(M) associated to M as
A(M) :=WM ⊗
φM
VM =M ⊗
ev
M∗
Proposition 4.4. Let f :M → N an isomorphism of G-modules, then f⊗(f−1)∗ :
A(M)→ A(N) is an isomorphism of G-module algebras.
We say that M has a good duality if there is a submodule Mˆ of M∗ together a
G-equivariant module isomorphism:
ω : M → Mˆ ⊂M∗
Define Aˆ(M) as the following subalgebra of A(M)
Aˆ(M) =M ⊗
ev
Mˆ ⊂M ⊗
ev
M∗ = A(M)
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Example 4.5. The algebraic quantum group G is a G-module with good duality with
the regular action. The following map is an equivariant isomorphism
ω : G → Gˆ ω(g) = ξS(g)
Let T = (V,W, φ) be a G-triple and A be a G-module algebra. We construct the
following (G, A)-triple
VT,A = A⊗ V WT,A =W ⊗A φT,A : A⊗ V ⊗W ⊗A
φ
−→ A⊗A
mA−−→ A
Proposition 4.6. Let T = (V,W, φ) be a G-triple and A be a G-module algebra.
Then
WT,A ⊗
φT,A
VT,A ≃ A⊗
A
A⊗W ⊗
φ
V ≃ A⊗W ⊗
φ
V
as algebras.
Proposition 4.7. Let M be a left G-module, then G ⊗M is a G-module with the
following action
g · (k ⊗m) =
∑
g(1)k ⊗ g(2) ·m
If M τ denotes the trivial module, then G ⊗M τ ≃ G ⊗M .
Proof.
G ⊗M τ
α --
G ⊗M
β
nn
α(g ⊗m) =
∑
g(1) ⊗ g(2) ·m β(g ⊗m) =
∑
g(1) ⊗ S(g(2)) ·m

Proposition 4.8. Let M be a left G-module, then Gˆ ⊗M is a G-module with the
following action
g · (ξk ⊗m) =
∑
ξkS(g(1)) ⊗ g(2) ·m
If M τ denotes the trivial module, then Gˆ ⊗M τ ≃ Gˆ ⊗M .
Proof.
Gˆ ⊗M τ
α --
Gˆ ⊗M
β
nn
α(ξg ⊗m) =
∑
ξg(2) ⊗ S
−1(g(1)) ·m β(ξg ⊗m) =
∑
ξg(2) ⊗ g(1) ·m

LetM be a G-module. Observe thatA(G)⊗A(M) is not a G-module algebra with
the diagonal structure. Despite of this, we can redefine the action on A(G)⊗A(M)
in order to obtain a G-module algebra.
Proposition 4.9. Let M a G-module. The algebra A(G) ⊗ A(M) is a G-module
algebra with the usual product
(g⊗η⊗m⊗f)(g˜⊗η˜⊗m˜⊗f˜) = (g⊗η)(g˜⊗η˜)⊗(m⊗f)(m˜⊗f˜) = η(g˜)f(m˜)g⊗η˜⊗m⊗f˜
and the following action:
t · (g ⊗ η ⊗m⊗ f) =
∑
t(1) · g ⊗ t(4) · η ⊗ t(2) ·m⊗ t(3) · f
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Proposition 4.10. Let M be a G-module, then there is an injection
A(G)⊗A(M)→ A(G ⊗M)
of G-modules algebras.
Proof. If η ∈ G∗ and f ∈ M∗ then η ⊗ f ∈ (G ⊗M)∗. Then we have the following
injection which is a morphism of G-module algebras
G♦G∗ ⊗M ⊗
ev
M∗ → (G ⊗M)⊗
ev
(G ⊗M)∗ g ⊗ η ⊗m⊗ f 7→ g ⊗m⊗ η ⊗ f

We would like to have an isomorphism between Aˆ(G)⊗A(M) and Aˆ(G)⊗A(M τ ).
In the following proposition we write an explicit isomorphism.
Proposition 4.11. Let M be a G-module, then the following map is a G-module
algebra isomorphism
δ : Aˆ(G) ⊗A(M) → Aˆ(G)⊗A(M τ )
g ⊗ ηh ⊗m⊗ f 7→
∑
g(1) ⊗ ηh(1) ⊗ S(g(2)) ·m⊗ h(2) · f
Proof. Take a = g ⊗ ηh ⊗m⊗ f and b = g˜ ⊗ ηh˜ ⊗ m˜⊗ f˜ then
ab = gηh(g˜)⊗ηh˜⊗mf(m˜)⊗f˜ δ(ab) =
∑
ηh(g˜)f(m˜)g(1)⊗ηh˜(1)⊗S(g(2))·m⊗h˜(2)·f˜ .
On the other side we have
δ(a)δ(b) =
∑
ηh(1)(g˜(1))f(S(h(2))S(g˜(2)) · m˜)g(1) ⊗ ηh˜(1) ⊗ S(g(2)) ·m⊗ h˜(2) · f˜
=
∑
ψ(g˜(1)h(1))f(S(g˜(2)h(2)) · m˜)g(1) ⊗ ηh˜(1) ⊗ S(g(2)) ·m⊗ h˜(2) · f˜
=
∑
f(S(ψ(g˜(1)h(1))g˜(2)h(2)) · m˜)g(1) ⊗ ηh˜(1) ⊗ S(g(2)) ·m⊗ h˜(2) · f˜
=
∑
ψ(g˜h)f(m˜)g(1) ⊗ ηh˜(1) ⊗ S(g(2)) ·m⊗ h˜(2) · f˜ .
= δ(ab)
It easy to check that the inverse of δ is
δ−1 : Aˆ(G)⊗A(M τ ) → Aˆ(G)⊗A(M)
g ⊗ ηh ⊗m⊗ f 7→
∑
g(1) ⊗ ηh(1) ⊗ g(2) ·m⊗ S(h(2)) · f
There is an automorphism σ of G such that ψ(ab) = ψ(bσ(a)), see [14, Prop 3.12].
Then
ηh(x) = ψ(xh) = ψ(σ
−1(h)x) = ηˆσ−1(h)(x)
and
t · ηh = t · ηˆσ−1(h) = ηˆσ−1(h)S(t) = ηhσ(S(t))
In the next step we use that∑
(σ(S(t)))(1) ⊗ (σ(S(t)))(2) =
∑
σ(S(t(2))) ⊗ S
−1(t(1))
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see [14, Prop 3.14]. Then we obtain
δ(t · (g ⊗ ηh ⊗m⊗ f)) = δ(
∑
t(1)g ⊗ t(4) · ηh ⊗ t(2) ·m⊗ t(3) · f)
=
∑
t(1)g(1) ⊗ η(hσ(S(t(5))))(1) ⊗ S(t(2)g(2))t(3) ·m⊗ (hσ(S(t(5))))(2)t(4) · f
=
∑
t(1)g(1) ⊗ ηh(1)σ(S(t(5))) ⊗ S(g(2))ǫ(t(2)) ·m⊗ h(2)S
−1(t(4)))t(3) · f
=
∑
t(1)g(1) ⊗ ηh(1)σ(S(t(4))) ⊗ S(g(2)) ·m⊗ h(2)S
−1(t(3)))t(2) · f
=
∑
t(1)g(1) ⊗ ηh(1)σ(S(t(2))) ⊗ S(g(2)) ·m⊗ h(2) · f
=
∑
t(1)g(1) ⊗ t(2) · ηh(1) ⊗ S(g(2)) ·m⊗ h(2) · f
= t · δ(g ⊗ ηh ⊗m⊗ f)

Corollary 4.12. Let M be a G-module with good duality, then
Aˆ(G)⊗ Aˆ(M) ≃ Aˆ(G)⊗ Aˆ(M τ )
Remark 4.13. From Proposition 4.8 we take α and β. We know β is a G-module
isomorphism, then by Proposition 4.4 β ⊗ α∗ is a G-module algebra isomorphism.
We have the following diagram
A(G ⊗M)
β⊗α∗ // A(G ⊗M τ )
A(G)⊗A(M)
?
OO
A(G)⊗A(M τ )
?
OO
Aˆ(G)⊗A(M)
?
OO
Aˆ(G)⊗A(M τ )
?
OO
In order to compare the map δ from Proposition 4.11 with β ⊗ α∗ we take h ∈ G
and f ∈M∗ and compare α∗(ηh ⊗ f) with
∑
ηh(1) ⊗ h(2) · f in (G ⊗M
τ )∗
α∗(ηh ⊗ f)(k ⊗ n) = (ηh ⊗ f)(α(k ⊗ n))
= (ηh ⊗ f)(
∑
k(1) ⊗ k(2) · n))
=
∑
ψ(k(1)h)f(k(2) · n)
(
∑
ηh(1) ⊗ h(2) · f)(k ⊗ n) =
∑
ηh(1)(k)(h(2) · f)(n)
=
∑
ψ(kh(1))f(S(h(2)) · n)
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Let A be a G-module algebra and M be a G-module. Define A(M)⊗A with the
following G-module algebra structure:
(m⊗f⊗a)(m˜⊗f˜⊗a˜) = mf(m˜)⊗f˜⊗aa˜ t·(m⊗f⊗a) =
∑
t(1)·m⊗t(3)·f⊗t(2)·a
If M has good duality we can also consider Aˆ(M) ⊗ A. As Aˆ(M) ⊗ A is again a
G-module algebra and G is a G-module with the regular action with good duality
we consider
Aˆ(G)⊗ Aˆ(M)⊗A
Corollary 4.14. Let M be a G-module with good duality, A be a G-module algebra
then
δA = δ ⊗ idA : Aˆ(G)⊗ Aˆ(M)⊗A→ Aˆ(G)⊗ Aˆ(M
τ )⊗A
is an isomorphism of G-module algebras.
4.3. Strong equivariant stabilization. Let (V1,W1, φ1) and (V2,W2, φ2) be (G, A)-
triples. Consider
V =
(
0 V1
V2 0
)
W =
(
0 W2
W1 0
)
V ⊗W =
(
V1 ⊗W1 0
0 V2 ⊗W2
)
and
φ : V ⊗W → A φ(v1 ⊗ w1 + v2 ⊗ w2) = φ1(v1 ⊗ w1) + φ2(v2 ⊗ w2)
Let ιi be the inclusion i = 1, 2,
(4.15) ι1 :W1 ⊗
φ1
V1 →W ⊗
φ
V ←W2 ⊗
φ2
V2 : ι2
W ⊗A V =
(
W2 ⊗A V2 0
0 W1 ⊗A V1
)
Let us check ιi is an algebra morphism.
ι1(w ⊗ v) =
(
0 0
0 w ⊗ v
)
ι2(w ⊗ v) =
(
w ⊗ v 0
0 0
)
ι1[(w⊗v)(w˜⊗v˜)] = ι1(w⊗φ1(v⊗w˜)v˜) =
(
0 0
0 (w ⊗ v)(w˜ ⊗ v˜)
)
= ι1(w⊗v)ι1(w˜⊗v˜)
A functor F : G-Alg → D is (G, A)-stable if F (ι1) and F (ι2) are isomorphisms
for all (G, A)-triples (V1,W1, φ1) and (V2,W2, φ2). We say that F is G-stable if it
is (G, A)-stable for all A.
Definition 4.16 (Equivariant Morita equivalence). Let A and B be unital G-
algebras. We say that A is equivariant Morita equivalent to B, denoted by A ∼M B,
if there exist left G-modules V andW such that V ∈A MB andW ∈B MA together
with G-equivariant bimodule isomorphisms
β :W ⊗A V → B α : V ⊗B W → A.
Remark 4.17. There exisit γ : W ⊗A V → B and δ : V ⊗B W → A such that if we
consider
ϕ : V ⊗W
π
−→ V ⊗B W
δ
−→ A ψ :W ⊗ V
π
−→W ⊗A V
γ
−→ B
then γ is an isomorphism between W ⊗
ϕ
V and B as G-module algebras and δ is an
isomorphism between V ⊗
ψ
W and A as G-module algebras.
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Theorem 4.18. Let F : G-Alg → B be a G-stable functor. Let A, B be G-module
algebras. If A ∼M B then F (A) ≃ F (B).
Proof. Consider A⊕B as a G-module algebra
g · (a+ b) = g · a+ g · b (a+ b)(a˜+ b˜) = aa˜+ bb˜
As A ∼M B there exist left G-modules V and W such that
V ∈A MB W ∈B MA W ⊗
ϕ
V ≃ B V ⊗
ψ
W ≃ A
where ϕ and ψ are as Remark 4.17. We consider V ∈A⊕B M, W ∈MA⊕B, ϕˆ and
ψˆ as follows
(a+ b) · v = a · v w · (a+ b) = w · a
ϕˆ : V ⊗W → A⊕B ϕˆ(v ⊗ w) = ϕ(v ⊗ w) + 0
ψˆ : W ⊗ V → A⊕B ψˆ(w ⊗ v) = 0 + ψ(w ⊗ v)
We obtain that (V,W, ϕˆ) and (W,V, ψˆ) are (G, A⊕B)-triples. Observe that
W ⊗
ϕˆ
V ≃W ⊗
ϕ
V ≃ B V ⊗
ψˆ
W ≃ V ⊗
ψ
W ≃ A
We take
Vˆ = Wˆ =
(
0 V
W 0
)
Vˆ ⊗ Wˆ =
(
V ⊗W 0
0 W ⊗ V
)
and
φˆ(v ⊗ w + w˜ ⊗ v˜) = ϕˆ(v ⊗ w) + ψˆ(w˜ ⊗ v˜)
As F is a G-stable functor F (ι1) and F (ι2) are isomorphisms where
W ⊗
ϕˆ
V
ι1−→ Wˆ ⊗
φˆ
Vˆ
ι2←− V ⊗
ψˆ
W
Then F (A) ≃ F (B). 
4.4. Weak equivariant stabilization. Let (V,W, φ) be a G-triple and A be a
G-module algebra. Let
V =
(
0 A
A⊗ V 0
)
W =
(
0 W ⊗A
A 0
)
V⊗W =
(
A⊗A 0
0 A⊗ V ⊗W ⊗A
)
and
φ : V ⊗W → A φ(a⊗ b+ c⊗ v ⊗ w ⊗ d) = ab+ φ(v ⊗ w)cd
Observe such that (V ,W, φ) is a (G, A)-triple. Let ι1 and ι2 be the inclusion,
ι2 : A→W ⊗
φ
V ←W ⊗A⊗ V : ι1
W ⊗A V =
(
(W ⊗A)⊗A (A⊗ V ) 0
0 A⊗A A
)
=
(
W ⊗A⊗ V 0
0 A
)
Let (V,W, φ) be a G-triple. A functor F : G-Alg→ D is weak stable with respect
to (V,W, φ) if F (ι1) and F (ι2) are isomorphisms for all G-module algebra A.
Let M be a G-module with good duality. Consider the G-triple (Mˆ,M, ev). A
functor F : G-Alg → D is weak stable with respect to M if it is weak stable with
ALGEBRAIC QUANTUM KK-THEORY 15
respect to (Mˆ,M, ev). In other words, F is weak stable with respect to M if the
following morphisms of G-module algebras are isomorphisms through F
(4.19) ι2 : A→
(
Aˆ(M)⊗A 0
0 A
)
← Aˆ(M)⊗A : ι1
A functor F : G-Alg → D is weak G-stable if it is weak stable with respect to G
considered as a G-module with the regular action.
Example 4.20. Let M = C[N] with the trivial action of G. Consider χi : N→ C as
χi(j) = 1 if i = j and χi(j) = 0 if i 6= j. Take
Mˆ = {f ∈M∗ : f =
∑
i
aiχi : ai ∈ C ai 6= 0 for a finite amount of i ∈ N}
then M is a module with good duality and Aˆ(M) = M∞(C). A functor F : G-
Alg→ D is weak stable with respect to M if and only if F is M∞-stable.
Example 4.21. Let X be an infinity set. We take M = C[X ] with the trivial action
of G and
Mˆ = {f ∈M∗ : f =
∑
x
axχx : ax ∈ C ax 6= 0 for a finite amount of x ∈ X}
then M is a module with good duality and Aˆ(M) = MX (C). A functor F : G-
Alg→ D is weak stable with respect to M if and only if F is MX -stable.
Example 4.22. Let G be a countable group. Let M = C[G] with the regular action
of G = CG. Take
Mˆ = {f ∈M∗ : f =
∑
g
agχg : ag ∈ C ag 6= 0 for a finite amount of g ∈ G}
then M is a module with good duality and Aˆ(M) = MG(C). A funtor F : G-
Alg→ D is weak stable with respect to M if and only if F is G-stable, [4].
Theorem 4.23. Let G be an algebraic quantum group and M be a G-module with
good duality. Let F : G-Alg → D be a weak stable functor with respect to M τ . The
functor
Fˆ : G-Alg→ D A 7→ F (Aˆ(G)⊗A)
is weak stable with respect to M .
Proof. We have to prove the morphisms (4.19) are isomorphisms through Fˆ . Ob-
serve Fˆ (ι2) = F (idAˆ(G)⊗ι2) and
Aˆ(G)⊗A
id
Aˆ(G) ⊗ι2 //

(
Aˆ(G)⊗ Aˆ(M)⊗A 0
0 Aˆ(G)⊗A
)
δA
(
Aˆ(G) ⊗A⊗ Aˆ(M τ ) 0
0 Aˆ(G)⊗A
)
≃
//
(
Aˆ(G)⊗ Aˆ(M τ )⊗A 0
0 Aˆ(G) ⊗A
)
Idem for Fˆ (ι1). 
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Remark 4.24. If G is a countable group then the assumption of Theorem 4.23 for
G = C[G] is the same as [4, Proposition 3.1.9].
5. Algebraic quantum kk-theory
Let X be a set such that card(X ) = dimC(G)× card(N). Let A, B be G-module
algebras. Define
kkG(A,B) = kkX (Aˆ(G)⊗A, Aˆ(G)⊗B)
Consider the category KKG whose objects are the G-module algebras and the mor-
phisms between A and B are the elements of kkG(A,B). Recall that there exist an
associative product
◦ : kkG-Alg(B,C) × kkG-Alg(A,B)→ kkG-Alg(A,C)
which extends the composition of algebra homomorphisms. If [α] ∈ kkG-Alg(B,C) is
an element represented by α : Jn(B)→ CS
n
and [β] ∈ kkG-Alg(A,B) is an element
represented by β : Jm(A) → BS
m
then [α] ◦ [β] is an element of kkG-Alg(A,C)
represented by
(5.1) Jn+m(A)
Jn(β)
−−−−→ Jn(BS
m
) −→ Jn(B)S
m αS
m
−−−→ CS
n+m
.
If we take Aˆ(G) ⊗ A, Aˆ(G) ⊗ B and Aˆ(G) ⊗ C instead of A, B and C, we obtain
the composition law in KKG .
Let jG : G-Alg→ KKG be the functor defined as the identity on objects and which
sends each morphism of G-module algebras f : A → B to its class [idAˆ(G)⊗f ] ∈
kkG(A,B). The equivalence Ω : KKG → KKG and distinguished triangles defined in
(3.3) give to KKG a triangulated category structure.
Theorem 5.2. The functor jG : G-Alg→ KKG is an excisive, homotopy invariant,
and weak G-stable functor. Moreover, it is the universal functor for these properties.
In other words, if T is a triangulated category and R : G-Alg → T together with
a class of morphisms {∂E : E ∈ E} is an excisive, homotopy invariant and weak
G-stable functor, then there exists a unique triangle functor R : KKG → T such that
the following diagram commutes
G-Alg
jG //
R
##●
●●
●●
●●
●●
KK
G
R
✤
✤
✤
T
Proof. This proof is similar to [4, Thm 4.1.1]. We use the same arguments taking
Aˆ(G) instead of MG. Let E : A
f
−→ B
g
−→ C be a weakly split extension in G-Alg.
Define
∂GE ∈ homKKG (ΩC,A) = homKKG-Alg(Aˆ(G)⊗ ΩC, Aˆ(G)⊗A)
= homKKG-Alg(Ω(Aˆ(G) ⊗ C), Aˆ(G)⊗A)
as the morphism ∂E′ associated to
Aˆ(G)⊗A→ Aˆ(G)⊗B → Aˆ(G)⊗ C (E′)
By Theorem 3.5 and Theorem 4.23 the functor jG : G-Alg → KKG with the family
{∂GE : E ∈ E} is an excisive, homotopy invariant and weak G-stable functor. Let X :
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G-Alg → T be another functor which has the mentioned properties. By Theorem
3.5 there exists a unique triangle functor X : KKX → T such that the following
diagram commutes
(5.3) G-Alg
X
✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺
jG //
jX
##●
●●
●●
●●
●●
KK
G
X′
✡
✡
✡
✡
✡
✡
✡
✡
KKX
<<②②②②②②②②②
X

T
Define X ′ : KKG → T as X ′ = X on objects and if α ∈ kkG(A,B) then
X ′(α) := X(ιB)
−1X(ι′B)X(α)X(ι
′
A)
−1X(ιA).
Here A
ιA−→
(
Aˆ(G)⊗A 0
0 A
)
ι′A←− Aˆ(G) ⊗ A denotes the zig-zag between A and
Aˆ(G)⊗A. This is the unique possibility to define X ′. 
6. Green-Julg Theorem for KKH
In this section we prove a version of the Green-Julg theorem for KKH when H
is a semisimple Hopf algebra.
Let A be an G-module algebra. The smash product algebra A#G is A ⊗ G with
the following product
(a#h)(b#k) =
∑
a(h(1) · b)#h(2)k a, b ∈ A h, k ∈ G
If f : A→ B is a morphism of G-module algebras, we put
f#G : A#G → B#G f#G(a#h) = f(a)#h
which is a morphism of algebras. Hence, we have a functor # G : G-Alg→ Alg.
Proposition 6.1. Let M be an G-module and A an G-module algebra. The follow-
ing is an isomorphism of algebras
(6.2)
φ : A(M)⊗(A#G)→ (A(M)⊗A)#G φ(m⊗f⊗a⊗h) =
∑
m⊗(h1 ⇁ f)⊗a#h2.
where (h ⇁ f)(x) = f(S(h)x)
Proof. The inverse map is the following
(6.3)
ζ : (A(M)⊗A)#G → A(M)⊗(A#G) ζ(m⊗f⊗a⊗h) =
∑
m⊗(S−1(h1) ⇁ f)⊗a#h2

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Proposition 6.4. There exists a unique functor # G : KKG → KK such that the
following diagram is commutative
G-Alg
#G //
jH

Alg
j

KK
G
#G
// KK
Proof. By Theorem 5.2 it is enough to prove j(−#G) is excisive, homotopy invariant
and weak G-stable. The properties are straightforward. 
Proposition 6.5. The functor #G : G-Alg→ Alg is a triangle functor.
Proof. A distinguished triangle in KKG is a diagram isomorphic to
ΩB
jG(ι)
−−−→ Pf
jG(πf )
−−−−→ A
jG(f)
−−−→ B
for some morphism of G-algebras f : A→ B. That means, if it is isomophic to
(6.6) Aˆ(G)⊗ ΩB
jG-Alg(ι)
−−−−−−→ Aˆ(G)⊗ Pf
jG-Alg(πf )
−−−−−−−→ Aˆ(G)⊗A
jG-Alg(f)
−−−−−−→ Aˆ(G) ⊗B
in KKG-Alg. The functor #G : KK
G → KK sends the triangle (6.6) to
(6.7) (Aˆ(G) ⊗ ΩB)#G → (Aˆ(G) ⊗ Pf )#G → (Aˆ(G) ⊗A)#G → (Aˆ(G)⊗B)#G
which by Proposition 6.1 and weak G-stability is isomorphic to
(6.8) ΩB#G → Pf#G → A#G → B#G
As Pf#G ≃ Pf#G (6.8) is a distinguished triangle in KK. 
Let A be an G-module algebra. Consider G ⊗ A as a left G-module with the
diagonal action. Also consider G ⊗A as a right A-module with the regular action.
In other words
h · (k ⊗ a) =
∑
h(1)k ⊗ h(2) · a (k ⊗ a) · c = k ⊗ ac
It is easy to check that
(6.9) t · ((h⊗ a) · c) =
∑
(t(1) · (h⊗ a)) · (t(2) · c)
We define
EndA(G ⊗A) := {f ∈ EndC(G ⊗A) such that f(k ⊗ ac) = f(k ⊗ a) · c}
The G-module structure in G⊗A gives an G-module algebra structure in EndC(G⊗
A). It is easy to check that EndA(G⊗A) is a sub-G-module algebra of EndC(G⊗A).
Consider Aˆ(G) ⊗ A as an G-module algebra. We have the following homomor-
phism of G-module algebras
(6.10) T : Aˆ(G) ⊗A→ EndA(G ⊗A) T (f ⊗ a)(h⊗ b) = f(h)⊗ ab
If G = H is a finite dimensional Hopf algebra, then (6.10) is an isomorphism.
Theorem 6.11. Let H be a semisimple Hopf algebra. The functor given by the
trivial action τ : KK→ KKH is left adjoint to the functor given by the smash product
#H : KKH → KK. In particular there is a natural isomorphism
kkH(Aτ , B) ≃ kk(A,B#H) A ∈ Alg B ∈ H-Alg
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Proof. It is enough to prove that there exist αA ∈ kk(A,A
τ#H) and βB ∈ kk
H((B#H)τ , B)
such that
Aτ
τ(αA)
−−−−→ (Aτ#H)τ
βAτ−−−→ Aτ and B#H
αB#H
−−−−→ (B#H)τ#H
#(βB)−−−−→ B#H
are the identities in kkH(Aτ , Aτ ) and kk(B#H, B#H) respectively. AsH is semisim-
ple there exists a right integral element t ∈ H such that
ǫ(t) = 1 th = ǫ(h)t ∀h ∈ H
We consider ψ the right funtional such that ψ(t) = 1, the existence of invariants is
guaranteed by [14, Prop 5.1]. If we take the map
R : H → H R(z) =
∑
ψ(t1z)t2
we can check R ∗ id = id = id ∗R then R is the antipode S. Then
(6.12) S(z) =
∑
ψ(t1z)t2 z1 ⊗ z2 =
∑
S−1(t3)⊗ ψ(t1z)S
−1(t2)
Define
αA : A→ A
τ#H = A⊗H αA(a) = a⊗ t
It is an algebra morphism because t is idempotent. Let
βB : (B#H)
τ → A(H)⊗B
b#h 7→
∑
S−1(h2t3)⊗ ηˆt1 ⊗ S
−1(h1t2) · b = ℧b#h
One checks that βB is an equivariant algebra homomorphism. Consider
(6.13) A
τ τ(αA)−−−−→ (Aτ#H)τ
βAτ−−→ A(H)⊗Aτ
a 7→ a⊗ t 7→ ℧a⊗t
We can see ℧a⊗t as a map from H to H ⊗ A, we denote by tˆ to another copy of t
in order to differentiate both
℧a⊗t(z) =
∑
S−1(tˆ3)S
−1(t2)⊗ ψ(tˆ1z)S
−1(tˆ2)S
−1(t1) · a
=
∑
z1S
−1(t2)⊗ z2S
−1(t1) · a (6.12)
=
∑
z1S
−1(t2)⊗ ǫ(z2)ǫ(t1)a h · a = ǫ(h)a
=
∑
zS−1(t)⊗ a
=
∑
ǫ(z)t⊗ a
= (t⊗ ǫ⊗ a)(z)
As H is unimodular we have t = S−1(t). Because ℧a⊗t = t⊗ ǫ⊗ a
the map (6.13) represents the identity in kkH(Aτ , Aτ ) in the sense of [4, Rem.
2.6.2].
It remains to prove that the following morphism represents the identity in kk(B#H, B#H)
(6.14)
B#H
αB#H
−−−−→ (B#H)τ ⊗H
#βB−−−→ (A(H)⊗B)#H
ζ
−→ A(H)⊗ (B#H)
b#h 7→ b#h⊗ t 7→ ℧b#h#t 7→ Λb#h
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The morphism ζ is defined in the Proposition 6.1. The morphism defined in (6.10)
is an isomorphism
T : A(H)⊗ (B#H)→ EndB#H(H⊗B#H)
where T (h⊗ f ⊗ b#k)(x⊗ a#y) = hf(x)⊗ (b#k)(a#y).
We shall prove that the map b#h 7→ T (Λb#h) represents to the identity. Define
δ : H⊗B#H → H⊗B#H γ : H⊗B#H → H⊗B#H
δ(x⊗ a#y) =
∑
x1 ⊗ x2 · a#x3y γ(x⊗ a#y) =
∑
x1 ⊗ S(x3) · a#S(x2)y
It is easy to check that they are mutually inverse. By M∞-stability the following
morphism represents the identity
B#H → A(H)⊗ (B#H) b#h 7→ t⊗ ǫ ⊗ b#h
Hence
B#H → EndB#H(H⊗B#H) b#h 7→ δ ◦ T (t⊗ ǫ⊗ b#h) ◦ γ = T (Λb#h)
also represents the identity, here we use [2, Prop 5.1.2]. 
Remark 6.15. The adjointness between τ and #H fails to hold at the algebra level.
A counterexample is given in [4, Example 5.2.4].
Corollary 6.16. Let H be a semisimple Hopf algebra. Let A be an H-module
algebra, then
kkH(C, A) ≃ kk(C, A#H) ≃ KH(A#H).
7. Baaj Skandalis duality
In [4] we present a duality property in equivariant algebraic kk-theory. Given a
group G and a G-algebra A, we define a G-graduation on A ⋊ G. If we take the
crossed product for G-graded algebra, A⋊G⋊ˆG, we obtain a G-algebra isomorphic
to MG ⊗ A. Every G-stable functor identify in the range A ⋊ G⋊ˆG with A. We
dualize de concept of G-action to G-graduation. If G is a group, the existence of a
group Gˆ such that satisfies
A⋊G⋊ Gˆ ≃ A
is not garantized.
In the context of algebraic quantum groups we have a good framework for group
duality. If G is an algebraic quantum group there exists an algebraic quantum group
Gˆ which is the dual of G. If A is a G-module algebra and we take the smash product
A#G. The dual group Gˆ acts on A#G by the following way
f ⇀ (a#g) = a#f ⇀ g where f ⇀ g =
∑
f(g(2))g(1)
We can take the smash product A#G#Gˆ. From [3] we obtain the following result:
Theorem 7.1. [3] Let A be a G-module algebra then
(A#G)#Gˆ ≃ Aˆ(G)⊗A
We obtain a similar theorem of Baaj-Skandalis duality
Theorem 7.2. The functors #G : KKG → KKGˆ and #Gˆ : KKGˆ → KKG are equiva-
lences and
kkG(A,B) ≃ kkGˆ(A#G, B#G)
Proof. Apply Theorem 7.1 and G-stabilization of KKG . 
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